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Effect of Periodic Roll Rate in Missiles with
Proportional Navigation

J. Shinar* and S. J. Merhavi
Technion — Israel Institute of Technology, Haifa, Israel

In several homing missiles, detrimental effects of excessive roll rate on the homing performance have been ex-
perienced. Flight tests have indicated that frequently the roll rate exhibits an almost periodic behavior. In this
paper, the homing of a missile, guided by proportional navigation, with periodic roil rate, is solved in a closed
form. As the first phase of the solution, the steady-state step response of a two-channel system with periodic roll
rate is calculated. Approximate, but fairly accurate, simple formulae obtained by Fourier expansion provide in-
sight into the effects induced by the periodic roll rate component. From the closed form solution, the necessary
condition for convergent line of sight rate is derived. This condition indicates that the limitation on the average
value of the periodic roll rate is more severe than for a constant roll rate.

Nomenclature?
a =effective proportional navigation con-
stant
a,(t) =time-varying coefficient defined in Eq.
an
A; =n X n constant matrix in Eq. (1)
A =2n X 2n constant matrix in Eq. (2)
8 =nx | constant column vector in Eq. (1)
. (1) =time varying coefficient defined in Eq.
a7
B =2n X 2 constant matrix in Eq. (2)
el =1 % n constant row vector in Eq. (1)
C =constant cross-coupling factor defined by
Eq. (20)
C(1) =time-varying cross-coupling function
defined in Eq. (25)
C =2 X 2n constant matrix in Eq. (2)

C,,C;,C,...C, =coefficients in the Fourier expansion of

C(¢) inEq. (31)

D,,D,...D, =coefficients in the Fourier expansion of
C(t)in Eq. (31)

D) =2 X 2 time varying matrix in Eq. (42)

E, (1),E, (1) =time-varying functions defined in Eq. (43)

g, (1) =time varying vector function defined in

- Eq. (15)

G =constant direct gain defined in Eq. (15)

G(?) =time varying direct gain function defined
in Eq. (25)

G,,G;,G,...G, =coefficient in the Fourier expansion of
G (1) in Eq. (30)
h(t) =impulse response of each guidance chan-

nel in body coordinates

h, =constant defined in Eq. (22)

I =two-dimensional identity matrix

J =two-dimensional matrix defined by Eq.
©)

K = constant defined in Eq. (A48)

K, K,,..K, =coefficient in the Fourier expansion of

G(t) inEq. (30)
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IVectors in body axes are denoted by a bar (7), while vectors in
nonrolling coordinates are underlined ( ). Matrices are bold face
capital letters.

n =running index

s = Laplace variable

t =time

t, =missile time of flight till intercept

v =two-dimensional input vector

w =two-dimensional output vector

; =nx | state vector in Eq. (1)

& =2nx 1 state vector in Eq. (2)

.z =fixed directions in the plane normal to

missile longitudinal axis

X0,X, = variables defined in Eq. (A41)
oy, =constant roll rate

o* =nondimensional constant roll rate defined
. in Eq. (33)

Bs =amplitude of periodic roll rate

3* =nondimensional periodic roll rate defined

in Eq. (33)

0, =constant defined in Eq.(A41).

€p,€" = positive small quantities

A =angle between the line of sight and the

line of reference (see Fig. 7)

A =two-dimensional line of sight rate vector

£ =dummy variable

¢ =missile roll angle

b, =amplitude of roll oscillations defined in
Eq. (38)

¢ (1) =2 X 2 rotation matrix

¢, (8) =2 x 2 matrix defined by Eq. (16)

2 = phase angle of the periodic roll rate in Eq.
3) .

¥, =phase angle in the Fourier expansion of
G (1) in Eq. (30)

X,y =phase angle in the Fourier expansion of
C(t)inEq. 31)

7, =first order time constant

Wy = frequency of the periodic roll rate

w* =non-dimensional frequency defined in
Eg. (33)

Introduction

HE interaction of rolling motion with missile per-
formance has two entirely different aspects. For finned
missiles of all types (guided and unguided), high roll rate can
seriously interfere with dynamic stability. Roll resonance and
Magnus effects have been the topics of investigation since the
early fifties,!* and research activity in this field is still going
on,3%
For guided missiles, however, the roll effects are far more
complex. Even for relatively ‘‘slow’’ roll rates, which do not
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create any problem of dynamic stability, missile performance
deteriorates. It is specially true for cruciform homing missiles,
which being insensitive to roll position (with the exception of
those which have linearly polarized antenna patterns),
generally do not have positional roll control. It has been ex-
perienced, however, that for effective homing, high roll rates
must be avoided, either by a roll rate control system or by
aeromechanical damping devices called ‘‘rollerons.”’”-® The
problem of the roll rate effects on homing guidance has been
investigated for some years, and for constant roll rates, an ap-
proximate closed form solution of the problem was ob-
tained.®!? This solution provides an insight into the
phenomenon of roll-induced cross-coupling in homing
missiles and has established a simple and useful criterion to
determine the highest permissible constant roll rate.
Simulations of three-dimensional real missile models con-
firmed that if the roll rate exceeds the value predicted by the
approximate theory, the missile trajectory will diverge.

Analysis of flight test data!?® indicated, however, that the
roll rate of some homing missiles may very-often have an im-
portant ‘‘almost periodic’’ component (in addition to a con-
stant roll rate considered in the first closed form solution).
The frequency of the roll rate oscillations was of the order of
5-15 Hz and the amplitude reached peak values of 1000
deg/sec or more. This component, due to either variations of
maneuver-induced rolling moments!! or limit cycles caused by
rolleron nonlinearities,® seemed to be too significant to be
neglected.

The purpose of this paper is to extend the method of
previous studies %12 successfully used for constant roll rates,
to include periodic roll rate components. Analysis is carried
out under the following assumptions: 1) the missile has two
identical noninteracting guidance loops with linear time-
invariant dynamics operating in perpendicular planes of
maneuver; 2) the missile rolls about the axis defined by the in-
tersection of these two planes at a rate which is a known
periodic function of time; 3) the roll rate is sufficiently low so
that the stability of the vehicle is not disturbed by inertial
coupling or by Magnus effects; 4) line of sight angles, seeker
gimbal angles, and angles of attack are negligibly small, i.e.,
‘body and wind axes both coincide with line of sight; 5) the
missile is guided by proportional navigation and its trajectory

is near to an ideal collision course; 6) missile and target

velocities are constant; and 7) the missile time of flight is very
large in comparison with equivalent first-order time constant
of the guidance loop.

An analytical solution is obtained by: a) determining the ef-
fects due to periodic roll rate on the open loop characteristics
of a two-channel control system; and b) investigating the
behavior of the closed loop homing systems under the effects
of the cross-coupling induced by periodic roll rate.

' Rolling Two-Channel System

The dynamics of the perpendicularly oriented control chan-
nels of a cruciform homing missile are independently defined
(see Assumption 1) in body coordinates and therefore are not
affected by the roll. On the contrary, the equations of motion
of a rolling airframe in body coordinates cannot be separated
into the perpendicular planes of maneuver. Fortunately, it has
been demonstrated! that in slender dynamically isotropic
configurations, the effects of the roll are not observable in a
nonrolling coordinate system.§ This fact, supported by
Assumption 3, justifies one to consider the roll rate induced
effects on the control system only.

Under Assumption 1, the state of each control channel is

determined by a set of linear differential equations with con-

stant coefficients.
X, =Ax;+byv; wy=ck, i=12 )

§For operational homing missiles, the ratio of axial and transversal
moments of inertia is of the order of 0.01 or less.
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Fig. 1 Definition of the coordinate systems.

ROLLING TWO-AXIS SYSTEM . .
Fig.2 Block diagram of a rolling two-channel system.

(The components of x; consist, depending on the specific

.control system design, of quantities such as seeker head

angular error, torquing moments, actuator signals, etc.) Two
sets of equations (for i = 1,2) can be combined to form a single
one of higher dimension.

X=Ax+Bv w=C. @)
This two-channel system rotates with a periodically varying
roll rate, which can be approximated, for the sake of sim-
plicity, by

¢ (1) =cty+Bycos(wyt+¥4) 3)

The coordinate systems of the rolling body and the
nonrolling reference frame are defined in Fig. 1. The angular
displacement between the two coordinate frames ¢ (¢) deter-
mines the rotation matrix ®[¢ (#)] which can also be ex-
pressed in the form

P[P (t)] =cosdp(t)]—sing (t)J 6}

where I'is the two-dimensional identity matrix and

0 -
JE [ J )
1 0

(Note that J2 = —1.)
The components of the input and output vectors in the
rolling frame are given by
v=%v w=qw ©)

as shown in the block diagram of Fig. 2.
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Substituting Eq. (6) into Eq. (2) results in
X=Ax+Bdv dw=Cx )

The solution of Eq. (2) in body coordinates for zero initial
conditions is

#(=Clexp -y A1Bo)d ®)
Since both channels are identical, this can be written as
t
w(n=| he-pod ©

This solution can be transformed into the nonrolling coor-
dinate system by

o
w=2-"1601| hu-p2e®IEE (0

Since h(f—¢) is a scalar function and ® ~/{¢ (£)] is in-
dependent of £, Eq. (10) can be written as

4
wo=| re-pne-remesmima  ay

Using the relation &7 (3)®(n)=®(5—8)=&/(6~1n),
based on the well-known property of the rotation matrix, Eq.
(11) can be rewritten as

wi=| he-He 160 —s (B u®rE  (12)

For constant roll rate, this expression reduces to a simple
convolution integral since

d()—d(E)=(1-£)¢ (13)

and in this case, a straightforward solution can be obtained by
means of Laplace Transforms.

For the general case (¢  const), it has been shown!!-12 that
Eq. (12) can be expressed by an uniformly convergent series

wit)= )&, (1)g, (1) a4
n=0
where
g0t [ ha—puwa 0y
®, (1) Za, (1) =b, (1)] (16)

a,(t) and b, (t) are related to the nth order derivatives of
cos (¢) and sin (¢) by

n

-dt"

[cosé ()] 2a, (t)cose (1) —b, (f)siné (1)

n

dt

[sing (1)1 £, (£)cosp (t) +a, (¢)siné (f) an

The vector functions Yn (¢) are convolution mtegrals having
the Laplace Transforms

1d'h
g ()= dfzs)_(s) (18)

The formulation of Eq. (14) is of great help in the anlaytic
discussion in the following sections.

S ay-By |
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Fig.3 Step response of two-channel system with periodic roll rate.

Steady-State Step Response for Periodic Roll Rate

For single axis asymptotically stable control systems, the
steady-state (d.c.) gain is determined by the limit of the output
for a unit step input, as t—oo. For a two-channel system, as
described in the previous sections, two different constants
have to be defined:

,the “‘direct gain”’

G2lim

19
t—o | vy P rv (19)
and the “‘cross-coupling factor”’
ct hm = —lim (20)
r v, t—o [‘v

where [ indicates unit step input at ¢ =0.

Definitions of Eqs. (19) and (20) may be meaningless if the
roll rate does not reach a limit for f—oo. In these cases
(periodic roll rate is the most pertinent example) a different
approach is required to obtain the steady-state step response.
Defining w*(f) as the output vector due to a unit step
input_[v,, its components are given by Eq. (12) as

Wi (0= | h(r—rcos[6(0) —6 () 1d

!
w0 = he-8)sin[o() —6(£) 16 @1

These components are shown for an example of first-order
dynamics and periodic roll rate in Fig. 3.

It can be clearly seen that after five to six time constants,
the response of both channels is purely periodic (with the
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same period of the roll rate). The upper and lower bounds of
the steady-state response can be also determined. This exist-
ence of periodic steady-state step response for periodic roll
rate can be also determined analytically using Eqs. (14-18).
In an asymptotically stable system, the vector functions
. (1) in Eq. (15) approach, as t— oo, a limit for a step input,
which can be directly calculated by the final value theorem of
the Laplace Transforms. For _[v, the z components are zero
and the y components yield

{{m [g,(£)],=lim [sg, (s)],

1 d"h(s)

! ds” s=0

= h, =const. 22)

Thus, there exists for each n, a sufficiently large value 7,
dependent on ¢, > 0 such that for all £>7,

I[gn(t)]y'_hn|<5n (23)

The components of w*(r) can be expressed by Eqs. (14)
and (10) as

wi(t) =), a,(0(g. (D], wit)= Y b, (1)[g, (D],
n=0 n=0 24
Define
GHe Y a,(nh, CEY b, (0)h, @5)
n=0 n=0

From the uniform convergence of Eq. (14) and the bound-
edness of a, (¢) and b, (¢) it follows, by Eq. (23-25), that
there exists also a #* dependent on €* >0 such that for all £>¢*.

lwy (1) =G (1) <e* . (26)
and similarly

Iw* (1) —C(1)] <e* @7

Thus for t> #*, G(t) and C(¢) represent the step response of
the rolling two-channel system. These functions may
therefore be called, by analogy to Egs. (19) and (20), the
‘“time-varying direct gain’’ and the ‘‘time-varying cross-
coupling” functions, Since 4, (n=0,1,2,...) are constants,
the time dependence of G(¢) and C(¢) is due only to the
variations of the roll rate through a, (¢) and b, (¢) respec-
tively. Thus, periodic roll rate leads to periodic step response.
The complete step response of a rolling system, and therefore
the functions G (¢) and C(¢), can be computed for any given
dynamics and time-varying roll rate by Eq. (21). However,
direct computation provides only limited insight regarding the
influence of the various parameters of the roll rate. To obtain
this insight, an approximate analytical solution for G (¢) and
C(t) is developed in the next section.

The Approximate Solution

The input-output relationship of a two-channel rolling
system, having only a first-order time-constant 7, is given by
the vector equation !! )

W) + =18 () JIw (1) =0 () 28)

The time-dependent functions G (¢) and C(¢) are the com-
ponents of a particular solution for this equation with a unit
step input in _[ v,. These functions have to be determined by
solving for >0 the following set of differential equations

1,G()+G (@) +7,6()C(1) =1

—1,0(OG() +7,C(t) +C(t) =0 29)
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For a periodic roll rate of a frequency w, as given in Eq.
(3), the solution will also be periodic with the same fun-
damental frequency. It can be expressed by its Fourier series

G()=Gy+ E [G,cos (nw,t) +K,sin(nw,t) ]

n=1

=G, + ZI G, cos (nw,t+¥,) (30)

C(1) =Co+ Y, [C,c0s (nw 1) +D,sin (nwyt) |

n=1
=Co+ Y, Co+ Y, Cpeos (nwyt+x,) G1)
n=1 n=]

To compute the coefficients of the Fourier expansion, the
following procedure, detailed in Appendix A, is carried out.

a) Substitute Egs. (30), (31) and (3) into Eq. (29). b)
Eliminate nonlinear terms using the identities

cos(wt)cos (nwt) = V2{cos (n+1)wt+cos (n—1)wt}
cos( wt)sin (nwt) = }/z{sin (n+1)wt+sin (n—1)wt} (32)

and c¢) Equate the coefficients of the respective harmonics.

As the set of Egs. (A. 3-A.5) resulting from this procedure
have four more unknowns than equations, an approximate
solution has been tried by truncation of Egs. (30) and (31).
Here, the number of unknowns and equations are made equal
and computations of the coefficients are possible. In Ap-
pendix A, an approximate solution of this type is presented,
using the following nondimensional parameters

a* =7, B*=1,8, w*=T10, 33)
As shown in Eq. (A. 8-A. 14), this approximation, even in the
simple case of N=2, yields expressions too complicated for
convenient qualitative analysis.

By a further approximation, based on test data 3

w*>>a* w*>>p* (34)
relatively simple formulas can be obtained for the coefficients
of the Fourier expansions in Eqgs. (30) and (31).

In the next section, it is shown that the important quantities

needed to solve the homing equation of a rolling missile are

Gpin =infG(2) Chax =supC(1) (35)
! t

Based on the assumption of Eq. (34), these limits yield

B# 1 6*

I—a*(—)—~(=)?
w 14 w
Gmin= w2 (36)
(1+a*2)(/1+2w*2)
e+ (Eye
w 4 w*
Conan = — 37
(I +a )(1+2w*2)

indicating that the effect of the periodic roll rate component
depends on the parameter

b7 Bosy 38)

(5] Wy

which is the amplitude of the roll angle oscillations [as can be
observed by integrating Eq. (3)].
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Fig. 4 Minimum value of the direct gain function for two-channel
system with periodic roll rate.

-
Crnux et W =T
1
1.0 === W 7
Equ.(43)
*
Qa =05

&
a =0.2%

i | 1

| 1 i
0 0.2 0.4 06 ¢p

Fig. S Maximum value of cross-coupling function for two-channel
system with periodic roll rate.

(1) —¢0=d¢t+z—¢ sin(wyf +y4)
¢

t t
=a*(—) +¢,sin(w* — +¢,) (39)
Ty T;

PERIODIC ROLL RATE EFFECT ON PROPORTIONAL NAVIGATION 551

*
a

L
0 0.2 0.4 0.6 '

Fig. 6 Contours of constant G;, for two-channel system with
periodic roll rate.

The agreement between the exact values of G,;, obtained by
Eq. (21) and the results of the approximate formulae of Eq.
(36) is very good, as can be seen in Fig. 4. For amplitudes not
exceeding ¢,=0.5rd, the effect of the roll rate frequency
(even for values as low as w*=w/2) is not significant. The
exact values of C,,, derived by Eq. (21) are compared to the
results of the approximation of Eq. (37) in Fig. 5. Although
the agreement here is not as good as for G;,, this comparison
confirms the dominant role of ¢, and the secondary influence

of the frequency.

The simple relations in Eqs. (36) and (37) provide an insight
into the influence of the various roll rate components and
their interaction on the step response of a rolling two-channel
system. It can be directly observed that due to the terms
(a*B*/w*), the effects cannot be separated. Moreover, Eq.
(36) leads to determine, for any preassigned required value of
Gomin» the permissible value of the nondimensional average
roll rate o* for given amplitudes of roll oscillation ¢,. This is
shown in Fig. 6 by the contours of constant values of G,
plotted in the «* — ¢, plane.

Homing of a Missile with Periodic Roll Rate

In Fig. 7, the scalar variables of two-dimensional propor-
tional navigation are defined. In order to investigate the
homing process of a rolling missile, the analysis was extended
in previous works®!? to three dimensions. The vector
equation of the line of sight rate for homing against a non-
maneuvering target, derived®!? under the assumptions

" detailed in the introduction, has the following form

A(ty—) +{[aG (t) =211 +aC(t)J}A=0 (40)

The initial condition, _xo’ depends on the launching error
relative to the collision course. This equation yields the
solution

A =expt |, D0yar1%, @1
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Fig. 7 Homing geometry in two-
dimensions.
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Fig. 8 Resultant line of sight rate of homing
missiles with periodic roll rate.

Table1l Summary of results

No. a a*frd] B*[rd] w* [rd]  ¢,[rd] .Gy Gumin aGy aGrin Remarks

1 2.08 - 0 0 - 0 1 1 2.08 2.08 convergence

2 2.60 0.5 0 - 0 0.8 0.8 2.08 2.08 same behavior as No. |

3 2.60 0.5 0.5 0.57 /7 0.76 0.62 1.98 1.61 divergence

4 2.60 0.253 0.5 0.5m /7 0.89 0.8 2.33 2.08 convergence

S 2.60 0.438 0.5 0.5m 1/7 0.8 0.67 2.08 1.73 divergence at intercept inspite of

converging tendency

b the matrix taG -2
€cause E1 (t) = So%dg (44)
. J 0
D(1) = — (1aG(T) =2} +aC ()]} “2)  aClE]
: Ew=| T )
0

is commutative with its own integral
Thus the solution of Eq. (41) has form of

Eh2 5; D(£)de=E, (t)I+E, (t)J @3) A(t) =exp{ —E, (1)} [cOsE, ()] —sinE, (£)J1}, (46)

) expressing a spiral behavior. The convergence of the solution
due to their special structure. - depends only on E, and it requires that
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lim [exp{ —FE, () }] =0 47)

t—~t

The spiral angular velocity of the vector X (¢) in the plane per-
pendicular to the line of sight is determined by

acC(t) _ aCnay

E,(H)= = 4
=T ST @8)
It is also easy to see that
‘ to—t @Gpin —2
expl ~E, (0] =(£—) 49)

0
and therefore the condition of convergence will be satisfied if

aGy, ~2>0 , (50)

Up to this point no use has been made of the periodic nature
of the roll rate. For the type of a single harmonic rolil rate
given in Eq. (3), a closed form solution of Eq. (46) is obtained
in Appendix B using the integral consine (Ci) and integral sine
(Si) functions. The solution indicates that due to the asymp-
totic nature of these functions, the condition in Eq. (47) can
be satisfied by

aG(ty) —2>0 (51)

i.e., convergence is determined by the value of the ‘‘direct
gain’’ function at the moment of the intercept. However, this
improvement over Eq. (50) seldom can be of benefit because
the phase of the periodic roll rate generally does not depend

on the range, and therefore, the exact value of G (#,) cannot

be predicted. Thus, for design purposes, the more restrictive
limitation of Eq. (50), based on the minimum value (or lower
limit) of G(¢), should be used. This limit can be computed
-‘with-adequate precision by Eq. (36).

To determine the effect of the periodic component of the
roll rate on the convergence of the line of sight rate in propor-
tional homing against a nonmaneuvering target, a set of
examples is presented. For the ratio of ¢,/7, =100 (obeying
Assumption 7), five cases were computed and the results are
summarized in Table 1 and Fig. 8. In these examples, the
‘phase of the roll rate was chosen to that G (¢,) would coincide
approximately with G,;,, making conditions Eqs. (50) and
(51) equivalent. It is interesting to observe that while the con-
vergence at intercept is determined by the value of “‘aG (¢,)”’
bounded by ““aG.;,’’, the behavior of the line of sight is
dominated most of the time (excluding the terminal phase) by
“aG,”’, G, being the average value of G(¢) in Eq. (30).

Conclusions

In this paper, the analytic method of Refs. 9, 10, 12,
leading to a closed form solution for homing missiles rolling
at a constant rate, was extended to the case of periodic roll
rate. The necessary condition for the convergence of the line
of sight rate given in Eq. (50) requires the prediction of the
minimum value of the ‘‘direct gain’’ function of the rolling
guidance system. The approximate method developes. in this
paper provides a good estimate for this value and a clear in-
sight into the mutual effect of the constant and periodic roll-
rate components. The approximation also helps to demon-
strate that the main effect of the periodic roll rate is due to the
amplitude of the roll angle oscillation. The frequency, if suf-
ficiently high, has a secondary influence. The analysis and
examples show that the limitation on the maximum allowable
average roll rate, imposed by the presence of a periodic com-
ponent, is more severe than the limitation for a constant roll
rate.

For the sake of simplicity, this paper presented only exam-
ples of first-order dynamics and single frequency roll rate.
However, the analysis can be directly extended to dynamics of
higher order and to any type of periodic time-varying roll
rate.
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Appendix A

Derivation of Approximate Formulae for the Coefficients of the
Fourier Expansion of G() and C(t)

The two different expressions for the Fourier expansions of
G (t) and C(r) are given in Egs. (30) and (31). Substituting
the ‘“‘cos and sin”’ formulae into Eq. (29) using the
trigonometric identities in Eq. (32), leads to the expressions

7,04 E n[K,cos (nwyt) —Gnsih(nw¢t)] +G,

n=/

+ E [G,cos (nwyt) +K,sin (hwyt) ]
n=1

+7 (Gy+ B4c080,1)Cy -*»T,@Z2 C,

+ 704 (Cicoswyt+D;sinwyt)
=] ) B'¢

+7; E {[0‘¢Cn+’2— (C; +Cppp)]c0s (nwy )
n=2

+ [<5{‘,,D,1+B—2"> (Dy_; 4D,y ) 1sin(nwgt)) =1 (AD)
TIWg E niD,cos(nw,t) —C,sin(nwyt)]
n=1 .
+Co+ Yy [Creos(nw,t) +D,sin(nw, ) ]

n=1

=7, (& +B,cosw,1) G, —116—; G,
—7,84 (G;Cosw, I+ K sinw, )
S By
=71 2 (1a,G+ 5 (Guoy +Giyy ) 1008 (nw, 1)
n=2
. By .
160K, + =2 (K Ky ) Isin (noy )} =0 (A2)

Equating the coefficient of the respective harmonics
(n=0,1,2,...) and introducing the nondimensional variables
defined in Eq. (33), yields the following set of algebraic
equations

Forn=0

*

Go+a*C0+§2—C]=]

*

a*Go+%~GI—C0=0 (A3)

Forn=1

*

B*C0+GI+(X*C1+O)*K1+%CZ=0

*

—w*G,+K; +a*D,+%D2=0

*

B*G0+o¢*Gl—C1—-w*D1+%Gg=0

*

w*CI—D,+a*K1+%~K2=0 (A4)
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Forn=2

*

Gn+nw*K,,+oz*C,,+§2~ (C_1+Cpyp) =0

*

K,,—nw*G,,+a*D,,+%— (Dp_y+Dys))=0

*

—C,—nw*D, +a*G, + 37 (Gp_1+Grey) =0

*

—D,,+nw*C,,+a*K,,+B7 (Kp_ 1 +Kpiy) =0 (AS5)

Due to the terms of Index 2 in Eq. (A4) and the terms of In-
dex (n+1)in Eq. (AS), the number of unknowns exceeds the:
number of equations by four. Therefore, this formulation
does not have a solution based on recursive computation.
However, by assuming that for n = N the coefficients are zero

G,=K,=C,=D,=0 (A6)

a set of (4N—2) equations can be solved and an approximate
solution is obtained.

For N=1, the solution disregards the periodic roll rate and
the result obtained is identical to the case of constant roll
rate. '©

1 o

C=C0=a*G0= 7:&‘;_2' (A7)

For N=2 the set of six equations [Eqs. (A3) and (A4)]
yields the following solution

. [_B“ (I+a*?) (I+w*? —3a*? +[8*7/2])
o7 I +a*? ]

2 A,
(AB)
a* B*? (I+a*?) (3+w*?—a*? +[B*2/2])
Co= |- ]
I+a*? 2 A,
(A9)
-2 * Q% 1+ * 2
G, = "2 B) I +ar?) B10)
iy
*#*3+*2_*2+ *22
K1=_waﬁ( w ot +[B%7/2]) (All)
Ay :
* 1+ * 2 ] *2 *2+ *2/2
C,=B( a* y(l-w*  —a (8 D (A12)
1Ly
~w*B* (I +w*? —30*? +[B*?/2
D, = (I+w 8 1) (A13)
A1
where A, is the determinant having the form
A1=(1+a*2)[(1+w*2)2—w*2(2a*2—,8*2)
6:&4 :
fat? (240l —B*7) + - ] (A14)

It is quite difficult to perform a qualitative analysis based on
these complicated formulae. Moreover, the predicted
aperiodic behavior of G(¢) for o* =0 does not agree with the
results of the direct computation of Eq. (23). )

In order to gain insight into the effects of the roll rate
parameters and to make this solution appropriate for
qualitative analysis, it will be assumed that the frequency of
the roll rate is high.

w*>>a*

w*>>p* (A15)
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This assumption is based on flight test data evaluation. *
Under this assumption, the set of Eq. (A5) yields for N=3

3*
KZE_Z;’_*CI
B*
G,=-—D
27 4o !
=B
D= G
=_ B
C=— =K (A16)

Substituting these terms into Eq. (A4), it can be seen that they .
are negligiblé relative to the terms multiplied by w*. They'
have, therefore, no effect on the coefficients of lower order.
Carrying assumption of Eq. (15) further, it can be concluded
from the second and fourth equations of Eq. (A4), that D,
and K, have to be an order of magnitude larger than C; or
D, (as both of them appear multiplied by w*). Thus the two
other equations yield
K,s—%co D,sﬁ G, (A17)

w*
and the previous pair leads to

D,—a*K, _ B*

Cr="t——t = 5 (G, +a°Cy]
K,+o*D, B*
G, =—ITF—_I =~ [@"Gy—Cy) (A18)

From these expressions, including Eq. (A16), it can be ob-
served that the main effect of the periodic roll rate is due to
the factor 8*/w*, which is the amplitude of the roll angle
oscillations. Using the definition

a B _Bs
¢p—w* —wqs

(A19)

and substituting Eq. (A18) into Eq. (A3), the following results
are obtained:

2
Go=[U+a*?) (1 +%— 174 Ch=a*G, - (A20)
The formulas for the coefficients of the first order are
1+a*?
G, =0, c,_¢,,( . )G,,
Kl = _¢pa*00’ DI =_¢pG0 (AZI)
and the coefficients of the second order have the form
2 ¢[2’
Gz=‘4_pGo, C2=7‘{“Go
2 1 + *2
K= -2 Ute") = )6, D,=0 (A22)
4 w
The amplitude of the first harmonic of G () is
G,= K, 1 =¢,0*G, " (A23)

and its phase (due to the negative sign of K, ) relative to the
roll rate,
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T
=3 (A24)
The second harmonic of G (¢) has an amplitude of
B 2 1+ *2 s 2
GZ=QQGO[1+( “ )] =-2gG, (A25)
4 w* 4
and a phase of
K 1+a*?)
2=tg’1<—22> =tg"(—ci)<<1 (A26)
G 1)

Thus, the approximate formula for G (¢), under assumption
of Eq. (A1S5), is

2
G(t)zGo[I —a*¢psinw¢t+¢—;cos (de,t)] (A27)

Similarly, the coefficients of the cross-coupling function are

. I+a*2\2%
C,=Goo, [1+ (T> ] =Gyo, (A28)
- —-D, T T
o ) B A29
X;=1g C, 3 +v, 3 (A29)
- 2
C;=Goa* 7p ; Xx2=0 (A30)
and
¢2
C() =G, [a*+¢psinw¢t+a*7” cos(de,t)] (A31])

Based on Eq. (A27), the minimum value of G(f) can be ap-
proximated by

2
Gmin"‘GO—G-I—C—;Z:GO(I—Q*%-%E) (A32)

using the value of G, given by Eq. (A20).
The maximum value of the cross-coupling function is deter-
mined in the same way by

B 2
CmaXzC0+CI+C_2=G0(a*+d)p+0l*?4_p> (A33)

Appendix B

Closed Form Solution of Eq. (46) for Periodic Roll Rate

To obtain a closed form solution of the line of sight rate A
for a proportional homing missile with periodic roll rate given
by Eq. (3), the functions E, (¢) and E, (¢) in Eq. (44) and (45)
have to be calculated.

e 4
E,(t):aso?—(%dg—2jot Eg (A34)
P —
fC ’
Eg(t)zajoto(fédg (A35)

It has been shown in Appendix A that the time-varying
functions, G(t) and C(t), can be approximated for periodic
roll rate with adequate precision by

G () =Gy + G cos(wyt+y,) +G,c08 wyt+¥,) (A36)

C(t)=Cy+Ccos(wyt+x;)+C,c08 2wyt +x;) (A3T)
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Integrals of the form

; ,
I= S C0s (s f+ ) 4 (A38)
. 0 t,—£&
can be analytically evaluated using the integral cosine Ci(x)
and the integral sine Si (x) functions. 1

These functions have an asymptotic behavior for large
values of x

lim Si(x)=#/2 lim Ci(x) =0 - (A39)
X— 0o X— o0
and for small values of the arguement (x— 0) they can be ap-
proximated by

limSi(x)=x
x—0
where InK=0.577.
Introducing new variables in Eq. (A33)

limCi (x) =InKx (A40)
x—0

XoEnw, (fg—£); Xo= wsles 84 = Nwyty +, (A41)

yields the expression

——dx+siné, —dx

nxg cosx S"Xo sinx
”(Xo—%’) X "(XO_"’d:‘) X

I, =cosé, S

=c¢0sd, [Ci(nx,) —Ci(nxy, —nw,t)]
+sind, [Si(nx,) —Si(nxg—nw,t)] (Ad2)
For large values of ¢, (see Assumption 7)

lim 1, = —cosb, (Ci(nx, —nwyt)}
10*00

+sin6,,[g —Si(nx, —nw 1% 1, (A43)
As the missile é.pproaches the target (.e., r—1,), the

asymptotic values in Eq. (A35) can be used, and in this case,
for large values of #,

t
lim 1, = ~cos5, [ InKnxy (1= —)] +sind, ( %r ) (A44)
0

I—1,

Substituting Eq. (A42) into Eqs. (44) and (45), the complete
closed form solution is obtained. For sufficiently long flight
times, Eq. (A42) can be replaced by Eq. (A43).

From the closed form soluticn, the condition of con-
vergence given in Eq. (47) can be determined. Substituting Eq.
(A44)into Eq. (A34), it can be written that

t
lim £, (1) = — (@G, —2)In (I ——)
1—1, ty
- t T,
—aG{cosd, [ln(I—T) +InKx,] — Esmé,}
0

- t
—aG,{cosé, [In (1 —t_) +In 2Kx,] — ?—;sinﬁ2 } (A45)
0 -

Regrouping the logarithmic time-dependent terms yi¢lds

t -
IimE, (t)=In(l ——)[ -a(G, +G,cosd,
1—1, ty
+G,c088,) +2] —a{ G, [In (Kx,)cosd, — 7Ersiné,]

+G, [In (2Kx, ) coss,, — gsinéz] ) (A46)
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Recalling the definitions of G (¢) in Eq. (A36) and of §,, in Eq.
(A41), the expression for E, (¢,) becomes

t—1,

where K, is the following constant

K, =G, [In(Kx,)cos8, — 7—2'5in5,]

+G, [In (2Kx, )coss,, — gsinéz] ‘ (A48)
Thus Eq. (47) can be written as

. £\ aGtg) -2
lim [exp{ —E, (1))] =e*o(1-—) =0
=t 0

(A49)

o

as aK, is a constant, Eq. (A49) implies that
aG(ty) —2>0 (A50)
This indicates that convergence of the line of sight rate
depends on the value of the direct gain function at the time of
the intercept. This implies, using results of Appendix A for

periodic roll rate and first-order dynamics, that

2 1 + *2
aG, [I —a*¢,sinwy ) + % cosRuyty + ———

where G, the average direct gain, is given by Eq. (20).

lim £, (¢) =ln(1——ti)[—aG(t0)+2] —akK, (A47)
0 :
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